The flow over complex terrains and wind farms is estimated here by numerically solving the linearized Navier-Stokes equations. The equations are linearized around the unperturbed incoming wind profile, here assumed logarithmic. The Boussinesq approximation is used to model the Reynolds stress with a prescribed turbulent eddy viscosity profile. Without requiring the boundary-layer approximation, two new linear equations are obtained for the vertical velocity and the wall-normal vorticity, with a reduction in the computational cost by a factor of 8 when compared with a primitive-variables formulation. The presence of terrain elevation is introduced as a vertical coordinate shift, while forestry or wind turbines are included as body forces, without any assumption about the wake structure for the turbines. The model is first validated against some available experiments and simulations, and then a simulation of a wind farm over a Gaussian hill is performed. The speedup effect of the hill is clearly beneficial in terms of the available momentum upstream of the crest, while downstream of it the opposite can be said as the turbines face a decreased wind speed. Also, the presence of the hill introduces an additional spanwise velocity component that may also affect the turbines' operations. The linear superposition of the flow over the hill and the flow over the farm alone provided a first estimation of the wind speed along the farm, with discrepancies of the same order of magnitude for the spanwise velocity. Finally, the possibility of using a parabolic set of equations to obtain the turbulent kinetic energy after the linearized model is investigated with promising results.
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The flow over complex terrains and wind farms is estimated here by numerically solving the linearized Navier-Stokes equations. The equations are linearized around the unperturbed incoming wind profile, here assumed logarithmic. The Boussinesq approximation is used to model the Reynolds stress with a prescribed turbulent eddy viscosity profile. Without requiring the boundary-layer approximation, two new linear equations are obtained for the vertical velocity and the wall-normal vorticity, with a reduction in the computational cost by a factor of 8 when compared with a primitive-variables formulation. The presence of terrain elevation is introduced as a vertical coordinate shift, while forestry or wind turbines are included as body forces, without any assumption about the wake structure for the turbines. The model is first validated against some available experiments and simulations, and then a simulation of a wind farm over a Gaussian hill is performed. The speedup effect of the hill is clearly beneficial in terms of the available momentum upstream of the crest, while downstream of it the opposite can be said as the turbines face a decreased wind speed. Also, the presence of the hill introduces an additional spanwise velocity component that may also affect the turbines' operations. The linear superposition of the flow over the hill and the flow over the farm alone provided a first estimation of the wind speed along the farm, with discrepancies of the same order of magnitude for the spanwise velocity. Finally, the possibility of using a parabolic set of equations to obtain the turbulent kinetic energy after the linearized model is investigated with promising results.
This article is part of the themed issue 'Wind energy in complex terrains'.
Introduction
Wind farms over complex terrains are still far from being fully understood as wind-turbine wakes are expected to be affected by the terrain morphology. Despite the fact that many windfarm designers are aware of this effect [1] , the industrial community keeps using simplified tools such as wake models [2, 3] , where the velocity deficits due to the turbines' presence are introduced in post-processing to the flow field computed (or even measured) over the terrain without the turbines. This approach is widely used for offshore farms with good results, while it is questionable for onshore farms over complex terrain because the velocity deficit of the farm might be strongly affected by the displacement of a hill, or might even have a faster decay due to the presence of forestry, for instance. One of the strongest points of wake models is their low computational cost, which is negligible when compared with computational fluid dynamics (CFD) based on Reynolds-averaged Navier-Stokes (RANS) simulations that take a much longer time. This becomes even more important when optimization of wind parks is desired and several hundreds of configurations should be tested.
The wake-model approach assumes a universal behaviour of the wake independent of the surrounding flow except for the incoming axial momentum, while the wake spreading is modelled in different ways, according to the various models [2] [3] [4] . However, the approach cannot model the transfer of momentum from above the farm, so that it is expected that such models will fail for long farms. Other limitations arise from the complete neglect of any upstream effect that cannot be properly modelled within this methodology [5] . It is indeed of no surprise that such methods suffer from an uncertainty that is at least of the order of 25% [6] , but it is expected to be even higher for onshore farms.
Linearized models appear as a feasible alternative to CFD simulations because faster and more efficient methods can be used. Linearized models are prone to be analytically solved, as done by Hunt and co-workers to describe the flow over low hills [7] and over forested areas [8] . These analyses led to the development of commercial software such as WAsP and FUGA [9] . Despite the fact that wind turbines can be described as body forces distributed over the rotor disc (similar to the actuator-disc method), and that the work of Belcher et al. [8] could be apparently applied to a distribution of wind turbines, no analytical model has been proposed for the flow over wind farms. The key assumption of the analytical solutions of the linearized equations relies on the scale separation between a lower layer, described by a parabolic equation (where the pressure gradient is constant in the wall-normal direction), and an elliptic region above it, where the pressure field is determined as a response to the body force. According to the model assumptions, the pressure at the bottom of this upper layer will then be imposed over the lower layer. However, the situation becomes different when a wind turbine is present, because the body force is located away from the ground and the pressure field (determined in the outer layer) would decay when moving close to it. It appears indeed that the analytical solution of the linearized equations [8] will provide a good approximation only in the case of body forces of small height close to the ground. Nevertheless, the numerical solution of the full linearized equations can still provide a reliable description of the flow over wind farms with the inclusion of the relevant physics, because the equations remain elliptic in their nature, although the possibility of finding analytical solutions becomes less likely.
Recent studies [10, 11] have indicated that these linearized models are reliable for the mean streamwise velocity and Reynolds shear stress, but they provide poor results for the turbulent kinetic energy (TKE)-at least over forested areas, where the TKE increases by a factor of order O(10) and the linearity assumption becomes invalid. Therefore, the effect of nonlinearities is very important in turbulence transport and generation, suggesting that the full nonlinear equations should be used as the only possibility to gain information about the mean flow and the TKE, simultaneously. A possible alternative to account for the nonlinearities with a simple method could be provided by parabolic approaches, which would allow for a space-marching technique, as they are still faster than full RANS equations. Nevertheless, while this approach is expected to be useful for thin forests, it is not expected to work for wind farms as no upstream effects are accounted for and the flow will not properly decelerate in front of wind turbines. One could think about the introduction of an outer layer that determines the pressure gradient imposed below, but it is clear from the discussion above that the flow in front of the turbines will only decelerate locally, with no footprint as the height z → ∞, underlining that wind turbines can be described only by elliptic equations in their neighbourhood (in primitive variables, while vorticity formulation could still be parabolized) and that the pressure cannot be considered as constant in the vertical direction.
This paper investigates the possibility of developing a fast and reliable method to numerically estimate the velocity field for a wind farm over a complex terrain based on linearized equations. Section 2 describes the full problem that we aim to solve, while §3 elaborates on the new linearized equations and their efficient formulation. The numerical details of the developed code are reported in §4, while its validation is in §5. The code has been tested for a wind farm with and without a hill in §6 (in the case without a hill, experimental data were available for the validation), identifying the direct effects of the hill and assessing how many of the industrial procedures will be erroneous by assuming the linear superposition principle. Furthermore, the possibility of assessing TKE is briefly investigated for a weak canopy in §7, while §8 concludes the paper with some final considerations and discussions.
Problem formulation
Let us consider the flow over a three-dimensional terrain. The surface can be assumed to be described by z * = H * (x * , y * ), where x * , y * and z * indicate the dimensional streamwise, spanwise and vertical coordinates, respectively. The associated velocity components will be U * = (U * , V * , W * ), although indicial notation will be used when convenient. From now on, the velocity field will be normalized by the friction velocity u * (defined from the surface shear tress, τ * = ρu 2 * , or from the Reynolds shear stress close to the surface as u 2 * ≈ −u w ), while the length scales will be normalized with a characteristic length L, which could be the height of a forest or the turbine diameter, for instance. In this and the following sections, dimensional quantities will be indicated with a superscript asterisk (with the exception of u * and L), to distinguish them from their dimensionless counterparts. The pressure will be scaled by the surface shear stress τ * , while the TKE, k * and TKE rate of dissipation, * , will be scaled by u 2 * and u 3 * /L, respectively. The steady-state Navier-Stokes equations can be written as
where L + = u * L/ν * is the Reynolds number and F i = LF * i /u 2 * indicates the normalized body force. The Reynolds stresses, u i u j , are modelled here by means of the Boussinesq approximation
where ν t = C μ k 2 / (with C μ ≈ 0.09). The equations for k and are modelled as
and 5) with the constants σ k = 1, σ = 1.22, C 1 = 1.44, C 2 = 1.92 [12] . The shear-production term is defined as 
and S = −β p C 5 θ|U| , (2.8) with β p = 4 and C 5 = 0.9, according to Silva Lopes et al. [12] . The force density for a forest, θ(x, y, z), is given by the product of the drag coefficient, c d , and the leaf-area density, a f , while for a wind turbine it is given by the expression
where C T and δ indicate the thrust coefficient of the turbine and half of the physical extension of the region where the body force is distributed. Equation (2.9) does not need the estimation of the free-stream velocity as it uses only the local velocity at the disc, and it is fully consistent with the actuator-disc theory. While the denominator accounts for the velocity deceleration between the free-stream and the disc velocity, the numerator indicates the force intensity and it should be replaced by 2(1 − √ 1 − C T ) if a linearized framework is adopted, as discussed by Ebenhoch et al. [11] .
Finally, the inlet conditions are given here in the form
with κ ≈ 0.4 as the von Kármán constant and z 0 as the (normalized) roughness height.
Wall functions [13] should be imposed at the lower boundary (where z = H(x, y) to include topography), while the velocity perturbation should vanish at the upper boundary.
Linearized approach
As discussed in the Introduction, linearized methods appear to be a feasible alternative to CFD simulations and parabolic methods, because they can retain the elliptic features and be reliable as long as the departure from the linear behaviour is weak. The key idea of a linearized method is the definition of a base state, U 0 , that is perturbed here by the body forces and by the terrain topography. The latter can be accounted for by introducing a coordinate mapping of the form
where the subscript for H indicates the derivative with respect to that variable. Within the linearized framework, the velocity field is decomposed as
where u, v andw are the velocity component perturbations, while the terrain slope is assumed to be small, H ξ 1. This shift in coordinate (with the consequent modification of the governing equations) has been preferred to a simple shift of the boundary condition because it leads to the correct behaviour near the wall [14] and is similar to the implementation of Jackson & Hunt [7] . In equation (3.1), there is the important assumption that the undisturbed velocity profile, U 0 , is just vertically shifted due to the presence of the topography. After the substitution of equation (2.3) into (2.2), the linearized continuity and horizontal momentum conservation equations become
and where it is assumed that the turbulent eddy viscosity, ν t , is a prescribed linear function of η only (here ν t = κη), while the linearization hypothesis has allowed the nonlinear terms on the left-hand sides to be neglected. Π = P + 2k/3 indicates a transformed pressure field that accounts for both the mechanical pressure and the normal stresses (assumed to be nearly isotropic). It is worth mentioning that no boundary-layer approximation is involved in equations (3.3) and (3.4) and that all diffusivities are indeed present. In order to make progress, an equation for the transport ofw is needed and here it is modelled as
Equation (3.5) is the exact linearized equation for w with no terrain (H = 0), while some extra terms of order O(H 2 ξ ) and O(H ξw ) must be neglected when terrain is present, so that the leading phenomena are still consistently accounted for. It is worth noting that the surface forces in the linearized momentum equations have been assumed to be unaffected by the vertical shift, H, that enters the vertical momentum equation only through the advective term as U 2 0 H ξξ . For the sake of simplicity, it is assumed that the vertical force component, F 3 , is zero as turbines and forestry are expected to affect mostly the horizontal momentum.
By taking the divergence of equations (3.3)-(3.5), it is possible to get
In order to eliminate the pressure Π from the analysis, it is possible to combine the η derivative of equation (3.6) with (3.5) to get
Many of the terms on the left-hand side of equation (3.7) are present in the Orr-Sommerfeld equation (which also results from a linear analysis) [15] , while the right-hand side is composed by the perturbative terms due to the horizontal body forces and the displacement imparted by the ground. The following boundary conditions complete the problem of the determination ofw:
The advantage of equation (3.7) compared with the solution of the linearized RANS in primitive variables is mostly in the reduced computational cost, because only one equation needs to be numerically solved. While for two-dimensional flows equations (3.7) and (3.2) are sufficient for the determination of the two velocity components, in three-dimensional flows another equation is needed where the pressure is not involved: this is given by the wall-normal vorticity equation, ζ = ∂v/∂ξ − ∂u/∂γ , as 10) which is equivalent to the Squire equation [15] forced by the body forces. The Dirichlet boundary condition ζ = 0 is imposed both at the ground (η = z 0 ) and at infinity. 
Numerical details
In this work, equations (3.2), (3.7) and (3.10) are solved through a spectral method. The Fourier transform in the horizontal plane is performed first, here defined aŝ
with k 1 and k 2 indicating the streamwise and spanwise wavenumbers, respectively. The vertical direction is instead discretized by using Chebyshev polynomials (with grid points distributed with a Gauss-Lobatto distribution, Z GL , and mapped into the physical space through an exponential map of the form Z GL = A + Be −Cη , with A, B, C determined by the domain boundaries and the desired stretch of the grid near the surface), transforming the available set of differential equations into an algebraic linear system. The use of the Fourier transform in the horizontal plane and of Chebyshev polynomials in the vertical direction ensured a higher numerical accuracy than with finite-difference schemes [16] . The use of the Fourier transform in the streamwise direction implies a flow periodicity between the inlet and outlet planes. While this is not a problem for the solution of (3.7) in an infinite domain (asw → 0 for |ξ | → ∞), this creates an artificial streamwise pressure gradient for a finite domain: if streamwise momentum is extracted inside the domain (for instance by the turbines), then the flow momentum monotonically decreases and a steady state can thus be achieved only through the emergence of an artificial pressure gradient in the streamwise direction. In order to avoid this unphysical feature, a buffer (or fringe) region was introduced near the end of the computational domain, where an artificial body force F 1 = −λ(x)u was introduced to force the streamwise velocity perturbation near the end of the computational space to vanish (with λ(x) proportional to the form proposed in [17] , which is zero outside the buffer domain).
As discussed in §2, the body forces of the turbines and forestry depend nonlinearly on the velocity field: therefore, an iterative approach has been pursued where the forces (including those due to the fringe region) are re-evaluated at each iteration. The iterations were continued until the maximum variation of the perturbation field (between two iterations) was less than 0.1%.
Validation
A comparison of the same class of linearized models with experimental or numerical data has been performed previously [10, 11] , although the models differed in the adopted closure scheme and they did not include any topography. Therefore, three comparisons with experimental and numerical data are proposed here to support the model results and to appreciate the limits of it.
The first comparison is performed over a forest canopy of medium intensity (the leaf-area index (LAI) is equal to 2) and the model is compared against the large-eddy simulation (LES) database and the k − nonlinear RANS simulations [10] . Here, an incoming turbulent boundary layer (with a roughness height of z 0 /h c = 7.5 × 10 −4 ) approaches a homogeneous forest 40h c long, with h c indicating the canopy height (and here used as the reference scale, L = h c ). The linear simulations have been carried out on a two-dimensional domain with N x × N z = 512 × 100 grid points over a domain of 400h c × 50h c in the streamwise and vertical directions. The computation took 5 minutes on a normal desktop computer. By looking at figure 1, good agreement between the linearized model results, the LES and nonlinear RANS data is visible for both the mean velocity and Reynolds stress. As already observed in the previous comparison [10] , the linearized model adapts more slowly than the nonlinear RANS to the roughness transition, but it is still able to estimate the right velocity profile inside the canopy and qualitatively the same profile above it.
The second comparison involves the experimental data of a turbulent boundary layer approaching a two-dimensional cosinusoidal hill [18] and N z = 100 distributed over 40 hill heights in the streamwise direction. Again, the comparison of the mean velocity profiles (figure 2) demonstrates good agreement between the model and the experiments up to the crest of the hill, where the correct speed-up of the velocity profile is estimated. Downstream of the crest, the presence of a separation region does not allow for good agreement between the model and the experimental data, although this issue was expected as separation regions cannot be properly accounted for within the proposed linearized framework. The final and most important validation case is the isolated wind turbine because several theoretical results and empirical observations are available. Many of them are obtained for a steady homogeneous inflow, which cannot be simulated within the framework of the present code, unless it is desired to have no turbulence (as ν t would become zero). Instead, a simulation with an incoming velocity profile characterized by a velocity at a hub height of 10 m s −1 and a shear exponent of α = 0.035 has been performed (as U ∝ z α ), so that the incoming velocity profile was almost constant upstream of the entire rotor disc. Figure 3a ,b shows the streamwise velocity for a single turbine with C T = 0.8 (the nonlinear correction of the thrust coefficient was accounted for): as can be seen from the figure, the velocity is decelerated upstream of the turbine (following the theoretical distribution [5] ), achieves the disc velocity estimated from actuator-disc theory and it also approaches the theoretical wake velocity. Thereafter, wake recovery due to turbulent diffusion begins. A comparison with the widely used Jensen model [2] gives good agreement only if the empirical wake-expansion coefficient of the model is set to k Jensen = 0.02, which is unrealistic and underlines that the present simulation does not have realistic free-stream turbulence.
In order to understand whether or not the turbulence closure scheme adopted in the present model is flawed, an additional simulation with a higher shear exponent was performed (increasing α to the offshore value of 0.11), leaving the other parameters unchanged. The results are shown in figure 3c: while the upstream region is nearly unaffected by the velocity shear and the increased turbulent activity, the wake decays much faster now and the comparison with the Jensen model with the standard coefficient of k Jensen = 0.075 is quite satisfactory, although the wake velocity estimated from actuator-disc theory is not approached anymore as the turbulent diffusion acts much earlier. 
Influence of topography in wind farms
As the model was developed to account for both topography and turbines, it enables both features to be combined and some of the limitations of the current industrial assumptions to be assessed. In order to quantify the effect of topography in wind farms, a three-dimensional simulation was done with a wind farm composed of 10 rows in a staggered arrangement (10 turbines followed by 11 turbines, for a total of 105 turbines), replicating the experiments performed in the Gävle wind tunnel and described in [11, 19] . The spacing between the rows was S x = 4D, while the spacing between the turbines in the lateral direction was S y = 2.66D, where D = 45 mm is the turbine diameter (the hub height was z hub = 60 mm). Freely rotating propellers were used for the experiment, with a thrust coefficient of C T = 0.56. The incoming boundary layer was characterized by having a roughness height of z 0 = 3.3 µm and a friction velocity of u * = 0.326 m s −1 , corresponding to a wind velocity at hub height of approximately 8 m s −1 .
In the simulations a Gaussian hill was introduced in the middle of the farm according to the equation
so that the hill has a maximum height of one turbine diameter and decays to 0.01D within approximately 13D. The maximum slope of the hill is 14.3%. Three cases are analysed below. The first is characterized by the presence of the Gaussian hill without turbines (here denoted as the hill case). In the second the wind turbines are present, but the hill is not (here denoted as the farm case), while the third involves both the hill and the turbines (here denoted as the hill+farm case). The numerical simulation was characterized by a grid of 1024 × 512 × 80 points in the streamwise, spanwise and wall-normal directions, with a uniform grid in the horizontal plane and a logarithmic/Gauss-Lobatto discretization in the vertical direction, as discussed in §4. The size of the simulated domain was 260D × 87D × 50D and the last 90D of the domain was used for the fringe region [17] . With this discretization, a farm was simulated in around 15 minutes (per iteration) on a normal desktop computer. In total, 10 iterations were found to be sufficient to achieve convergence in the present cases. Only the axial force F 1 = −θ(U 0 + u) 2 − λu was accounted for in the present computations, so that no wake rotation is present after the rotors (and F 2 = F 3 = 0). Owing to the nonlinear force expression, the forces were updated after every iteration and the flow field re-computed afterwards until the maximum deviation between two iterations became bounded to ±0.1%u * . Owing to the use of the Fourier transform in the axial direction, the grid had to be uniform with a grid spacing of x = 0.25D: this implied the choice of δ = 0.5D, so that the thrust force was distributed over a cylinder of length comparable to one turbine diameter. This will lead to a significant error in the estimated velocity near the rotor (although the velocity magnitude might change inside the cylinder volume, something that does not happen in an actuator disc), but it should not significantly affect the far field. Owing to the limited number of points inside the actuator-disc volume (there should be N p = 3 − 4 points inside each volume, depending on the relative position between the grid and the turbine, so that turbines should not introduce sudden impulses), a multiplicative correction factor of 2δ/(N p x) was introduced in equation (2.9) to compensate for the finite number of points inside the cylinder, as discussed in [11] . Figure 4 shows the comparison between the streamwise velocity of the three cases evaluated in a horizontal plane at constant height from the ground, η = z hub /D. The typical hill signature in the velocity field is visible in figure 4a with a speed-up of approximately 12% over the hill's crest at hub height. In figure 4b , the velocity deceleration through the farm is also observed: the velocity decreases almost linearly (at least after the first row) along the farm up to 60% of the unperturbed velocity. After the last row, the velocity field starts to recover to the free-stream value, while the wakes of the individual turbines merge within the first 10 diameters after the last row. Beyond this distance, the farm wake behaves in the same way as one behind an elongated thin body. Figure 4c shows the axial velocity for the hill+farm case: interestingly, the speed-up due to the hill is beneficial for the turbines located before the crest as they experience a higher wind speed, while the turbines downstream of the crest suffer from a decreased available velocity. No evident difference is apparent in the far-wake region. The upstream velocity field in the hill+farm case is of interest because all the available wake models will give no deceleration upstream of the farm (or a deceleration equivalent to that of an isolated turbine), where no upstream effect is visible beyond two rotor diameters [5] . Figure 5 indicates instead that the signature of the farm presence is visible much more upstream than usually thought, with a length scale of approximately 30D. The comparison of the velocity deceleration estimated by the present model and the experimental results of Hägglund [19] further supports the validation effort performed in §5. The comparison between the deceleration present in the farm case and that in the hill+farm case indicates that the presence of the hill is associated with a strengthening of the blockage effect, which remains qualitatively similar.
The spanwise velocity at hub height is shown in figure 6 for the three analysed cases. Interestingly, the spanwise velocity is of the order of 5% of the undisturbed velocity at hub height. [19] . U ∞ indicates the undisturbed velocity value at hub height. (only five turbines are intersected by the γ = 0 plane), together with the internal boundary layer above the farm and the wakes that tend to go downward. This picture is heavily modified by the hill, which strongly deviates the wake's direction, particularly towards the direction of the local surface tangent, so that it is expected that the downstream wind turbines will experience a strongly skewed inflow, increasing the lateral loads and decreasing the aerodynamic efficiency of the turbines.
As discussed in the Introduction, the industrial approach to the present problem of the farm over a hill would be to linearly superpose the flow over the hill (namely figure 4a) with wakedeficit models, without taking into account the wake deviation or pressure gradient. Assuming that figure 4b is a wake model, 1 the linear combination of the flow over a hill and through a farm located over a plain terrain can be performed to estimate figure 4c, and the results are shown in figure 8 for both the linear combination and its error. While the former seems to be qualitatively similar to figure 4c, the discrepancy indicates underestimations up to 5% of the undisturbed hub velocity especially downstream of the crest, while the overestimations are much smaller.
Assessment of the turbulent kinetic energy
What remains to be determined following the analysis in §3 is the TKE value. The recent attempt of linearizing both the momentum and k − equations [10] has led to poor results in terms of TKE over forested areas, while the axial momentum was still reasonably well estimated. It might be expected that a wind farm would not be as strong as a forest and that a linearized approach could still be successful in the TKE estimation, but that is not definite and it has not been investigated in this work. Alternatively, it seems reasonable to split the problem into two steps, one where the mean flow is determined first by means of the linearized approach discussed in §3 (which obeys elliptic equations), and one where the TKE is determined by means of a parabolic approach a posteriori. Indeed, from the solution of (3.7) and (3.10) one would get a velocity field around turbines, forest and terrain that could be used in the k − parabolized equations
2) whereν t = C μ k 2 / is the eddy viscosity obtained from k and . There is no rigorous justification for the choice to neglect some of the terms originally present in the k and equations, (2.4) and (2.5): equations (7.1) and (7.2) would be obtained by invoking the boundary-layer approximation, which has already been ruled out. In order to keep the equations parabolic, and to allow for the possibility of using space-marching methods, the only term that must be removed is the second derivative in the streamwise direction of the viscous and turbulent transport. However, this might be of the same order as other terms (such as spanwise diffusive terms) and therefore the boundary-layer approximation is adopted here to ensure the consistency of the approximation, at least when scale separation is present. After that the mean flow was obtained by solving equations (3.7) and (3.10) in spectral space (with a consequent full account of the elliptic effects), the parabolic k − equations (7.1) and (7.2) were solved by means of a space-marching Newton-Raphson method (taking advantage of their parabolic feature) with the same streamwise discretization used in the linearized simulation, while the vertical discretization was changed to impose wall functions (∂k/∂η = 0 and (η 1 ) = C 3/4 μ k(η 1 ) 3/2 /(κη 1 )), so that the first grid point was located at η 1 = 100z 0 . As the two solution methods were substantially different, a streamwise grid refinement could have been used in the computational domain used to solve (7.1) and (7.2), by linearly interpolating the mean flow field, although this was not done in this work. In order to limit the effect of nonlinearities in the momentum conservation equations, only a low-density forest with LAI = 0.1 was investigated. This ensured the convergence of the NewtonRaphson method with the same streamwise discretization. A higher LAI necessitates a finer streamwise grid near the leading edge of the forest. 2 The forest canopy had the same configuration as the one described in §5. Figure 9 indicates that the parabolic approximation is reasonably good above the canopy (improving the estimation of the linearized k − models [10] ), but it has a slight disagreement with the nonlinear simulations in the wake of the forest, with a faster vertical diffusion of the TKE in the nonlinear RANS. Nevertheless, this approach seems promising and deserves additional research.
Conclusion
In this paper, a linearized analysis of the RANS equations is proposed to provide a fast and reliable method of estimating the wind field in the presence of terrain, forestry and wind turbines. The method extends the mixing-length-based models by using the Boussinesq formulation for the Reynolds stress tensor with a prescribed eddy viscosity, given as a function of the vertical coordinate. The presence of wind turbines and forestry has been simulated by means of body forces in the momentum equations, while the topography has been introduced by means of Similarly to other linearized formulations, the present approach assumes that the body forces generate a small perturbation to the flow field, so that nonlinear effects could be neglected. In addition to this, terms involving the product of the pressure gradient and the surface slopes have been neglected. Therefore, it is expected that separated regions will not be properly characterized by the present model.
The model has been validated against the available two-dimensional data from an LES of a forest canopy, an experiment with a two-dimensional hill and single-turbine results, demonstrating that several features have been properly captured by the model, despite its simplifications. An additional validation has been made by comparing a wind-tunnel experiment with a wind farm of freely rotating rotors against a three-dimensional simulation of the same farm, demonstrating reasonably good agreement in the streamwise velocity deceleration upstream of the farm, which is not surprising as it is expected that, in the region upstream of the farm, the turbulent diffusion (and consequently the chosen closure model) will not play a major role.
The wind farm over a hill has demonstrated significant differences from a farm without a hill, with qualitative features that could be explained by linear-superposition approaches, although a discrepancy of 5% of the free-stream velocity has been observed-a discrepancy that is very relevant in wind energy. The speed-up over the hill is beneficial in terms of the momentum available to the turbines before the crest, but later it deteriorates the available momentum downstream. Furthermore, the presence of the hill introduces a significant spanwise velocity that might affect the operations of the turbines. It is possible to detect the wake deflection on the sides of the hill, but this has not been investigated in this work, although the spectral method ensures a high numerical accuracy even with the coarse grid that was used.
Finally, it has been suggested that the estimation of the turbulent kinetic energy could be done in a two-step process, namely by integrating the parabolized k − equations after the evaluation of the mean flow (which has an elliptic character close to wind turbines). A preliminary comparison against nonlinear RANS demonstrated promising results (generally better than linearized k − models), requiring more validation efforts in the future.
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